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E´TALE TOPOLOGY OF THE MODULI
STACK OF STABLE ELLIPTIC SURFACES
JUN–YONG PARK
Abstract. Motivated by the enumeration in [HP] of the moduli stack
of morphisms Homn(P
1,P(a, b)), where P(a, b) is the 1-dimensional (a, b)
weighted projective stack, over Fq with char(Fq) not dividing a or b. We
find the compactly supported ℓ-adic e´tale cohomology and describe the
eigenvalues of the geometric Frobenius map acting on this cohomology
for the moduli stack L1,12n := Homn(P
1,M1,1) of stable elliptic fibra-
tions over P1, also known as stable elliptic surfaces, with 12n nodal
singular fibers and a distinguished section over Fq with char(Fq) 6= 2, 3.
In the end, we consider the Hasse–Weil zeta function Z(X, t) for a smooth
Deligne–Mumford stack X of finite type over Fq and discover that for
L1,12n over Fq with char(Fq) 6= 2, 3 it is equal to the rational function
Z(L1,12n, t) =
(1−q10n−1·t)
(1−q10n+1·t)
1. Introduction
In this paper we find the e´tale cohomology and the eigenvalues of geo-
metric Frobenius for the Hom stack Homn(P
1,P(a, b)), where P(a, b) is the
1-dimensional a, b ∈ N weighted projective stack, parameterizing the degree
n ≥ 1 morphisms f : P1 → P(a, b) with f∗OP(a,b)(1) ∼= OP1(n). The moduli
Homn(P
1,P(a, b)) was formulated in [HP] when the characteristic of base
field K is not dividing a or b. We recall the arithmetic of Homn(P
1,P(a, b)).
Theorem 1 (Theorem 1.1 of [HP]). If char(Fq) does not divide a or b, then
the weighted point count #q(Homn(P
1,P(a, b))) over Fq is
#q(Homn(P
1,P(a, b))) = q(a+b)n+1 − q(a+b)n−1
While having the Fq–point count up to weights acquired by a stratification
tells us one side of the arithmetic for a smooth Deligne–Mumford stack X
of finite type, one is naturally led to consider running the Weil conjecture
backward similar to the innovative work of [FW]. As the absolute Galois
group of finite fields Gal(Fq/Fq) acting on the e´tale cohomology is a procyclic
group that is topologically generated by the geometric Frobenius morphism,
the task of finding the eigenvalues of Frobenius map can be achieved through
the trace formula where the cardinality of the fixed set of Frobq : X(Fq) →
X(Fq) coincides with the weighted point count #q(X) over Fq. We recall the
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Sun-Behrend trace formula [Sun, Behrend] for Artin stacks of finite type
over finite fields.
Theorem 2 (Theorem 1.1 of [Sun]). Let X be an Artin stack of finite type
over Fq. Let Frobq be the geometric Frobenius on X. Let ℓ be a prime number
different from the characteristic of Fq, and let ι : Qℓ
∼
→ C be an isomorphism
of fields. For an integer i, let H ic(X/Fq ;Qℓ) be the cohomology with compact
support of the constant sheaf Qℓ on X as in [LO]. Then the infinite sum
regarded as a complex series via ι
(1)
∑
i∈Z
(−1)itr
(
Frob∗q : H
i
c(X/Fq ;Qℓ)→ H
i
c(X/Fq ;Qℓ)
)
is absolutely convergent to #q(X) over Fq. And its limit is the number
of Fq–points on stacks that are counted with weights, where a point with its
stabilizer group G contributes a weight 1|G| .
As Homn(P
1,P(a, b)) is a smooth separated tame Deligne–Mumford stack
of finite type over Fq (see Proposition 11), the corresponding ℓ-adic e´tale
cohomology for prime number ℓ invertible in Fq is finite dimensional as a
Qℓ-algebra, making the trace formula to hold in Qℓ-coefficients. Also the
Poincare´ duality H i
e´t,c
(X/Fq ;Qℓ)
∼= H
2dim(X)−i
e´t
(X/Fq ;Qℓ(−dim(X)))
∨ holds.
For n ≥ 1 and any a, b ∈ N, by the ℓ-adic Leray spectral sequence with re-
spect to the flat surjective evaluation morphism ev∞ : Homn(P
1,P(a, b))→
P(a, b) (see Proposition 15), we compute the ℓ-adic e´tale Betti numbers
dimQℓ
(
H i
e´t
(Homn(P
1,P(a, b))/Fq ;Qℓ)
∨
)
showing the dual Qℓ-vector spaces
are one dimensional for i = 0, i = 3 and vanishes for all other i which implies
that the ℓ-adic rational cohomology type of Homn(P
1,P(a, b)) is a 3-sphere.
Consequently, we have the Main Theorem through the Sun-Behrend trace
formula and the weighted point count.
Theorem 3. Hom stack Homn(P
1,P(a, b)) for n ≥ 1 over Fq with char(Fq)
not dividing a or b for any a, b ∈ N has the following mixed Tate type com-
pactly supported e´tale cohomology expressed in ℓ-adic Galois representations
H i
e´t,c
(Homn(P
1,P(a, b))/Fq ;Qℓ)
∼=


Qℓ(−((a+ b)n + 1)) i = 2(a+ b)n + 2
Qℓ(−((a+ b)n − 1)) i = 2(a+ b)n − 1
0 else
By the Poincare´ duality, e´tale cohomology in dual Qℓ-vector spaces are
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H i
e´t
(Homn(P
1,P(a, b))/Fq ;Qℓ)
∨ ∼=


Qℓ(0) i = 0
Qℓ(−2) i = 3
0 else
We single out the two special cases of interest for P(a, b), One is P(1, 1) ∼=
P1 which gives us the space Homn(P
1,P1) of degree n unbased rational maps
between Riemann spheres studied in depth by [Segal, CCMM] and others.
Corollary 4. The space Homn(P
1,P1) of degree n ≥ 1 unbased rational
self maps φ : P1 → P1 over Fq of any prime power has the following mixed
Tate type compactly supported e´tale cohomology expressed in ℓ-adic Galois
representations
H i
e´t,c
(Homn(P
1,P1)/Fq ;Qℓ)
∼=


Qℓ(−(2n+ 1)) i = 4n+ 2
Qℓ(−(2n− 1)) i = 4n− 1
0 else
Remark 5. The space of rational maps between Riemann spheres is diffeo-
morphic to the moduli spaceMn of SU(2) monopoles of charge n in R
3 (Eu-
clidean monopoles [AH]) where the respective correspondences for the space
Hom∗n(P
1,P1) of based maps is by the well-known theorem of [Donaldson]
and the space Homn(P
1,P1) of unbased maps is by the theorem of [Jarvis].
The second is P(4, 6) ∼=M1,1 isomorphic to the proper Deligne–Mumford
stack of stable elliptic curves over base field K with char(K) 6= 2, 3 with the
coarse moduli space M1,1 ∼= P
1 parameterizing the j–invariants. This gives
us the Hom stack L1,12n := Homn(P
1,P(4, 6) ∼=M1,1) which is isomorphic
to the moduli stack of stable elliptic fibrations over P1 formulated in [HP].
Corollary 6. The Hom stack L1,12n := Homn(P
1,M1,1) for n ≥ 1 over
Fq with char(Fq) 6= 2, 3 isomorphic to the Deligne–Mumford moduli stack of
stable elliptic surfaces over P1 with 12n nodal singular fibers and a distin-
guished section has the following mixed Tate type compactly supported e´tale
cohomology expressed in ℓ-adic Galois representations
H i
e´t,c
(L1,12n/Fq ;Qℓ)
∼=


Qℓ(−(10n + 1)) i = 20n + 2
Qℓ(−(10n − 1)) i = 20n − 1
0 else
Lastly, we consider Z(X, t) the Hasse–Weil zeta function of a smooth
Deligne–Mumford stack X of finite type over Fq with its weighted point
count #q(X).
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Definition 7 (Definition 3.2.3 of [Behrend]). Let X be an algebraic stack
of finite type over Fq. We define the zeta function Z(X, t) ∈ Q[[t]], where t
is a complex variable, as a formal power series:
Z(X, t) := exp
(
∞∑
ν=1
tν
ν
·#qν (X)
)
Knowing the weighted point count #q(L1,12n) = q
10n+1 − q10n−1 over Fq
[HP, Corollary 2], we can write down Z(L1,12n, t) as a formal power series.
The following theorem shows that Z(L1,12n, t) is in fact a rational function.
Theorem 8 (Theorem 3.2.5 of [Behrend]). Let X be a smooth Deligne-
Mumford stack of finite type over Fq. Then Z(X, t) is rational and we have
Z(X, t) =
2dim(X)∏
i=0
det
(
1− Frob∗q · t | H
i
e´t
(X/Fq ;Qℓ)
)(−1)(i+1)
By the above Corollary 6 on the computation of the geometric Frobe-
nius eigenvalues, we are able to explicitly write down the Zeta function
Z(L1,12n, t) of the moduli stack as a rational function.
Corollary 9. Hasse–Weil zeta function Z(L1,12n, t) of the Deligne–Mumford
moduli stack of stable elliptic surfaces over P1 with 12n nodal singular fibers
and a distinguished section over Fq with char(Fq) 6= 2, 3 is equal to
Z(L1,12n, t) =
(
1− q10n−1 · t
)
(1− q10n+1 · t)
Proof.
Z(L1,12n, t) : = exp
(
∞∑
ν=1
tν
ν
·#qν (L1,12n)
)
= exp
(
∞∑
ν=1
tν
ν
· (qν·(10n+1) − qν·(10n−1))
)
=
(
1− Frob∗q |H3
e´t
(L1,12n/Fq ;Qℓ)
∨ · t
)
(
1− Frob∗q |H0
e´t
(L1,12n/Fq ;Qℓ)
∨ · t
)

2. E´tale cohomology with eigenvalues of geometric Frobenius
Let us first recall the definition of the target stack P(a, b).
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Definition 10. The 1-dimensional a, b ∈ N weighted projective stack is
defined as a quotient stack
P(a, b) := [(A2x,y \ 0)/Gm]
Where λ ∈ Gm acts by λ · (x, y) = (λ
ax, λby). In this case, x and y have
degrees a and b respectively. A line bundle OP(a,b)(m) is defined to be a line
bundle associated to the sheaf of degree m homogeneous rational functions
without poles on A2x,y \ 0. The coarse moduli space of P(a, b) is given by
the coarse moduli map c : P(a, b) → P1 which is isomorphic to the smooth
projective line.
When the characteristic of the field K is not equal to 2 or 3, [Hassett]
shows that (M1,1)K ∼= [(Spec K[a4, a6]−(0, 0))/Gm ] = PK(4, 6) by using the
Weierstrass equations, where λ·ai = λ
iai for λ ∈ Gm and i = 4, 6. Thus, ai’s
have degree i’s respectively. Note that this is no longer true if characteristic
of K is 2 or 3, as the Weierstrass equations are more complicated.
Proposition 11. For any a, b ∈ N and over base field K with char(K)
not dividing a or b, the Hom stack Homn(P
1,P(a, b)) parameterizing the
morphisms f : P1 → P(a, b) with f∗OP(a,b)(1) ∼= OP1(n) for n ≥ 1 is a
smooth separated tame Deligne–Mumford stack of finite type and dimension
(a+ b)n+ 1.
Proof. These were established in [HP, Proposition 9, Proof of Theorem 1].
To recall the major points therein, Homn(P
1,P(a, b)) is a smooth Deligne–
Mumford stack by [Olsson, Theorem 1.1] isomorphic to the quotient stack
[T/Gm], admitting T as a smooth schematic cover where T ⊂ H
0(OP1(an))⊕
H0(OP1(bn)) \ 0 parameterizes the set of pairs (u, v) of non-monic polyno-
mials with the degrees equal to either (deg(u) = an and 0 ≤ deg(v) ≤ bn)
or (deg(v) = bn and 0 ≤ deg(u) ≤ an) but not both as they are mutually
coprime. The quotient stack [T/Gm] parameterizes the equivalence class of
pairs (u, v) and (u′, v′) that are equivalent when there exists λ ∈ Gm so that
u′ = λa · u and v′ = λb · v. As Gm acts on T properly with positive weights
a, b > 0 the quotient stack [T/Gm] is separated. It is also tame as in [AOV,
Theorem 3.2] since Homn(P
1,P(a, b)) is over base field K with char(K) not
dividing a or b. 
We define Poly
(k,l)
1 which is the space of monic coprime polynomials with
degree deg u = k and deg v = l. Arithmetic of Poly
(k,l)
1 was studied in [HP]
which was inspired by the work of [Segal, FW, FW2].
Definition 12. Fix a field K with algebraic closure K. Fix k, l ≥ 0. Define
Poly
(k,l)
1 to be the set of pairs (u, v) of monic polynomials in K[z] so that:
(1) deg u = k and deg v = l.
(2) u and v have no common root in K.
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The condition that u, v ∈ K[z] have no common root is given by the
equation R(u, v) 6= 0 where R is the resultant. The classical theory of
discriminants and resultants tells us that Poly
(k,l)
1 is an algebraic variety
defined over Z.
Proposition 13 (Proposition 18 of [HP]). Fix d1, d2 ≥ 0. Then for any
prime power q :
|Poly
(d1,d2)
1 (Fq)| =
{
qd1+d2 − qd1+d2−1, if d1, d2 > 0
qd1+d2 , if d1 = 0 or d2 = 0
We recall a well known result that the cohomology in torsion-free coef-
ficients coincide for the fine moduli stack and its coarse moduli space. We
show this for the e´tale cohomology over basefield Fq in Qℓ-coefficients.
Lemma 14. Let X be a smooth separated tame Deligne–Mumford stack of
finite type over Fq and the coarse moduli map c : X → X giving the coarse
moduli space X. Then for all i, the pullback map
c∗ : H i
e´t
(X/Fq ;Qℓ)
∼= H ie´t(X/Fq ;Qℓ)
is an isomorphism.
Proof. As X is a smooth separated tame Deligne–Mumford stack of finite
type over Fq, we can cover X by e´tale charts U such that pull-back of U
in X is the quotient stack of an algebraic space by a finite group [AOV,
Theorem 3.2.]. The lemma follows from the ℓ-adic Leray spectral sequence
as in [Behrend, Theorem 1.2.5] once we have shown that the canonical map
Qℓ → Rc∗Qℓ is an isomorphism. It suffices to show the isomorphism e´tale
locally on X and hence we assume X = [V/G] for some algebraic space V
under the action of finite group G where char(Fq) does not divide |G|. Let
q : V → X be the canonical morphism. Observe that we have Qℓ ≃ (q∗Qℓ)
G.
As both q and c ◦ q are finite maps and Q[G] for a finite group G is a
semisimple Q-algebra by the Maschke’s Theorem, we acquire
Rc∗Qℓ ≃ Rc∗(q∗Qℓ)
G ≃ ((c ◦ q)∗Qℓ)
G ≃ Qℓ

We are now ready to prove the Theorem 3.
2.1. Proof of Theorem 3.
Proof. We consider the ℓ-adic Leray spectral sequence with respect to the
flat surjective evaluation morphism ev∞ : Homn(P
1,P(a, b)) → P(a, b).
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Proposition 15. Evaluation morphism ev∞ : Homn(P
1,P(a, b)) → P(a, b)
mapping an equivalence class of degree n ≥ 1 unbased morphism f : P1 →
P(a, b) with the chosen basepoint ∞ ∈ P1 to the basepoint of the target
f(∞) ∈ P(a, b) is a flat surjective morphism where the fiber is isomorphic
to the space of degree n based morphisms Hom∗n(P
1,P(a, b)) ∼= Poly
(an,bn)
1 .
Proof. It is easy to see that the fiber at the generic stacky points [x : y] ∈
P(a, b) with µgcd(a,b) stabilizer can be accounted for by looking at ev
−1
∞ ([1 :
1]) where we have ev−1∞ ([1 : 1])
∼= Poly
(an,bn)
1 . This is because a pair of
monic coprime polynomials (u, v) with deg(u, v) = (an, bn) determines, and
is determined by, a morphism f : P1 → P(a, b) such that f∗OP(a,b)(1) ≃
OP1(n) and f(∞) = [1 : 1] via f(z) := [u(z) : v(z)] under the weighted
homogeneous coordinate of the target stack P(a, b). Similarly, the special
orbifold points [1 : 0] with µa stabilizer and [0 : 1] with µb stabilizer have the
fibers isomorphic to Poly
(an,bn)
1 as it is the same element of Poly
(an,bn)
1 with
forgetting the leading monic zan term (respectively zbn) which will map to
[1 : 0] (respectively [0 : 1]). As all the fibers are isomorphic to a fixed variety
Hom∗n(P
1,P(a, b)) ∼= Poly
(an,bn)
1 we have the flatness. 
Let us recall the e´tale cohomology of the base P(a, b).
Proposition 16. There are isomorphisms of ℓ-adic Galois representations
H i
e´t
(P(a, b)/Fq ;Qℓ)
∼=


Qℓ(−1) i = 2
Qℓ(0) i = 0
0 else
Next, we need the compactly supported e´tale cohomology of the fiber
Hom∗n(P
1,P(a, b)) ∼= Poly
(an,bn)
1 which follows from [HP, FW, FW2].
Proposition 17. There are isomorphisms of ℓ-adic Galois representations
H i
e´t,c
(Poly
(an,bn)
1 /Fq
;Qℓ) ∼=


Qℓ(−(an+ bn)) i = 2(an + bn)
Qℓ(−(an+ bn− 1)) i = 2(an + bn)− 1
0 else
Proof. We can express Poly
(an,bn)
1 as the quotient of a finite group San×Sbn
action on the complement of the hyperplane arrangement in Aan+bn. It is
well known by [Kim, BE] that the geometric Frobenius Frob∗q acts by q
−i on
H i of the complement of the hyperplane arrangement. By transfer, we see
that Frobenius acts by q−i on H i
e´t,c
(Poly
(an,bn)
1 /Fq
;Qℓ) as well. In the end,
we use the exact point count of Proposition 18 of [HP] together with the
8 JUN–YONG PARK
Poincare´ duality and the Grothendieck-Lefschetz trace formula for smooth
but not necessarily projective variety
∣∣∣Poly(an,bn)1 (Fq)∣∣∣ =
2(an+bn)∑
i=0
(−1)i ·q(an+bn)−i ·dimQℓ
(
H i
e´t
(Poly
(an,bn)
1 /Fq
;Qℓ)
∨
)
to conclude the above. 
We now consider the ℓ-adic Leray spectral sequence as in [Behrend, Theo-
rem 1.2.5] with regard to the evaluation morphism ev∞ : Homn(P
1,P(a, b)) →
P(a, b) to determine the ℓ-adic e´tale Betti numbers of Homn(P
1,P(a, b)). As
the spaces / stacks in consideration are smooth, we will first work with ℓ-adic
e´tale cohomology in terms of its dual Qℓ-vector spaces through the Poincare´
duality applied to the compactly supported ℓ-adic e´tale cohomology.
By the flatness of ev∞ together with the simply-connectedness of the
basespace P(a, b) by [Noohi, Example 9.2], we have Rjev∞∗Qℓ the higher
direct images, along ev∞∗ , of the constant sheaf Qℓ are locally constant
constructible sheaves on P(a, b) identified with the cohomology of the fiber
Hom∗n(P
1,P(a, b)) ∼= Poly
(an,bn)
1 which implies that the ℓ-adic Leray spectral
sequence has the following E2 page
Ei,j2 =

H
i
e´t
(P(a, b)/Fq ;H
j
e´t
(Poly
(an,bn)
1 /Fq
;Qℓ)
∨)∨ if i, j ≥ 0
0 else
and the spectral sequence converges to H i+j
e´t
(Homn(P
1,P(a, b))/Fq ;Qℓ)
∨.
Proposition 18. ℓ-adic rational cohomology type of Homn(P
1,P(a, b)) is
a 3-sphere with e´tale Betti numbers dimQℓ
(
H i
e´t
(Homn(P
1,P(a, b))/Fq ;Qℓ)
∨
)
equal to one for i = 0, i = 3 and vanishes for all other i. By the Poincare´
duality, we have H i
e´t,c
(Homn(P
1,P(a, b))/Fq ;Qℓ) one-dimensional for i =
2(a+ b)n+ 2, i = 2(a+ b)n− 1 and vanishes for all other i.
Proof. The ℓ-adic e´tale cohomology of the fine moduli stack P(a, b) and
its coarse moduli space P1 are isomorphic through the induced map c∗ :
H i
e´t
(P1/Fq ;Qℓ)
∼= H i
e´t
(P(a, b)/Fq ;Qℓ) by Lemma 14. By the fuctoriality of
the spectral sequence with regard to c∗, once we determine the transgression
differential d
(2,0)
2 is an isomorphism for the case of Homn(P
1,P1) then we
have the transgression differential d
(2,0)
2 is an isomorphism for the case of
Homn(P
1,P(a, b)) as well. Assume for the purpose of contradiction that
the transgression differential is trivial (i.e. d
(2,0)
2 = 0), then we would have
the ℓ-adic rational cohomology type of Homn(P
1,P1) is a S1 × S2 which
makes the fundamental group π1(Homn(P
1,P1)) to have the Z summand
and thus is an infinite group. This is not the case, however, as it was
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shown by [EP, Theorem 2] that π1(Homn(P
1,P1)) ∼= Z2n. This contradiction
implies that we have the transgression differential is an isomorphism (i.e.
d
(2,0)
2 = ± m 6= 0) for Homn(P
1,P1) as well as Homn(P
1,P(a, b)) showing
that the ℓ-adic e´tale Betti numbers dimQℓ
(
H i
e´t
(Homn(P
1,P(a, b))/Fq ;Qℓ)
∨
)
are equal to one for i = 0, i = 3 and vanishes for all other i. 
Remark 19. [EP, Theorem 2] is proven for the space of analytic maps and
this is also for the space of algebraic maps as any meromorphic function on
P1 is rational and vice versa [Cohn, Page 29].
As H i
e´t,c
(Homn(P
1,P(a, b))/Fq ;Qℓ) are all one dimensional, the trace of
Frobq on each of these Qℓ-vector spaces is just the corresponding eigenvalue
λi of Frobq.
When i = 2(an+bn)+2, the connectedness of Homn(P
1,P(a, b)) together
with the Poincare´ duality implies that λ2(an+bn)+2 = q
(a+b)n+1
Plugging all of the above into the Sun-Behrend trace formula (1):
#q(Homn(P
1,P(a, b))) = q(a+b)n+1 − q(a+b)n−1 = λ2(an+bn)+2 − λ2(an+bn)−1
= q(a+b)n+1 − λ2(an+bn)−1
which implies that λ2(an+bn)−1 = q
(a+b)n−1 as claimed.
This finishes the proof of Theorem 3.

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